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Abstract

This article explores the deep connections that exist between the mathematical represen-
tations of dynamic phenomena in functionally graded waveguides and those in periodic
media. These connections are at their most obvious for low-frequency and long-wave
asymptotics where well established theories hold. However, there is also a complemen-
tary limit of high-frequency long-wave asymptotics corresponding to various features that
arise near cut-off frequencies in waveguides, including trapped modes. Simultaneously,
periodic media exhibits standing wave frequencies, and the long-wave asymptotics near
these frequencies characterise localised defect modes along with other high-frequency
phenomena. The physics associated with waveguides and periodic media are, at first
sight, apparently quite different, however the final equations that distill the essential
physics are virtually identical. The connection is illustrated by the comparative study of
a periodic string and a functionally graded acoustic waveguide.

Keywords: asymptotic, long-wave, low-frequency, high-frequency, homogenisation,
waveguide, functionally graded, thin structure, trapped mode

1. Introduction

For long waves within a waveguide, at low-frequency, intuition suggests that (for
waveguides governed by Helmholz equation with Neumann boundary conditions) the
waveguide behaves effectively as a string; when viewed from afar the guide is long and
thin. Similarly, a string composed of periodic elements where the length scales associated
with the periodicity are much less than the wavelength of the excitation also intuitively
behaves as some effective string. In both cases the word “effective” is rather vague, but
as we shall see this can be made precise through an asymptotic approach involving two-
scales; the thickness of the guide or periodicity scale and the length-scale of the guide
or overall string. As we shall see an application of multiple scales leads rapidly to an
effective equation for these two problems that can be simultaneously treated.

Perhaps less obviously one can also consider high-frequency wave propagation which
almost immediately equates to short wavelength, as one typically thinks of waves within a
bulk medium, and asymptotic techniques for waveguides based upon the WKBJ ansatz
are popular and versatile [1, 2, 3, 4]. However, the imposition of boundaries such as
those of a waveguide can alter this intuitive viewpoint and long-wave solutions are also
possible. Taking a straight, constant thickness, isotropic waveguide a natural approach
Preprint submitted to Elsevier August 20, 2013



is to seek modal solutions and create dispersion curves. As is well-known (e.g. see [5])
there are an infinite set of discrete modes each with a cut-off frequency. For each mode
the cut-off frequency delineates evanescent, exponentially decaying, solutions from the
propagating modes. If one is exactly at the cut-off frequency (possibly at high-frequency)
then this is called thickness resonance and the wave simply bounces back and forth across
the waveguide and neither propagates to the left or right. The wavelength of this mode
along the guide is actually infinite and close to cut-off the wavelength is therefore large.
This observation motivates a general asymptotic methodology, summarized in the books
[3, 6, 7] in the context of thin elastic structures of arbitrary shape. In particular for the
case of flat or axisymmetric waveguides with either weakly bent, bulging or thinning walls,
[8, 9, 10] ordinary differential equations (ODEs) for trapped modes (solutions with finite
energy that decay exponentially at infinity) emerge. A key point is that in the deformed
region one can shift the local cut-off frequency such that waves propagate locally, but are
cut-off away from this region, thereby trapping modes. The simple ODE representation
is then very powerful compared to large scale numerical eigenvalue calculations that lack
insight.

A complementary, and apparently disconnected, area in wave propagation is that of
waves passing through periodic media; this is important in solid-state physics [11], pho-
tonics [12] and the emergent areas of metamaterials [13]. For infinite perfectly periodic
media, consisting of elementary cells that repeat, one can focus attention on a single
elementary cell; quasi-periodic Floquet-Bloch boundary conditions describe the phase-
shift as a wave moves through the material and dispersion relations are then deduced
that relate the Bloch wavenumber, the phase-shift, to frequency. The eigensolutions that
emerge are the Bloch modes, and when these eigensolutions are perfectly in-phase or
out-of-phase across the cell then standing waves exist and the frequencies are then called
standing wave frequencies (these frequencies can be high). There exist bands of frequen-
cies, called band-gaps, in which propagating Bloch modes do not exist and in which the
modes are evanescent. If the perfectly periodic lattice is perturbed then localised defect
states can occur, these exponentially decay with distance, and the behaviour is eerily
reminiscent of the trapped modes in a waveguide. Indeed at these high standing wave
frequencies one can have “thickness resonance” within each elementary cell and the real
wavenumber (not the Bloch wavenumber) is infinite as the wave itself is not propagating
left or right. Asymptotic techniques based around high-frequency long-wave asymptotics
have recently been developed [14] and ODEs in 1D periodic media (or PDEs in 2D) again
emerge; this approach also works for microstructured discrete [15] or frame-like media
[16]. The basic idea for periodic media is to replace the complicated microstructured
medium with an equivalent, effective, continuum on a macroscale, that is, one wishes to
homogenise the medium even when the wavelength and microstructure may be of similar
scales.

We will illustrate the connection between the waveguide problem and periodic media
by considering, in parallel, two model problems: A functionally graded acoustic waveg-
uide and a periodic piecewise string. These are algebraically completely tractable and
are explicitly solved in section 2. The asymptotics of the low frequency model follow in
section 3 and the linear asymptote emerges together with an effective string equation for
both examples. The less intuitive case of high frequencies is dealt with in section 4, there
are only minor differences between the two examples but both feature a rapidly oscillat-
ing solution on one scale modulated by a long-scale function that satisfies an effective
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Figure 1: (a)Functionally graded waveguide and (b) Periodic string

equation posed entirely upon the long-scale. Explicit asymptotic results are found and
compared with exact dispersion relations. The asymptotic techniques are also applied to
deformed layered waveguides (section 5). Finally, we gather together some concluding
remarks in section 6.

2. Formulation

2.1. Functionally graded waveguide

Let us consider a straight waveguide, of constant width, in |y| < h and |x| < ∞
with Neumann boundary conditions upon the waveguide walls, see Fig. 1(a). If the
waveguide is elastic and excited by out-of-plane oscillations, so there is shear-horizontal
(SH) polarisation, then the governing equation is that of acoustics with

(

∇2 +
ω2

ĉ2(y/h)

)

u(x, y) = 0. (1)

Notably we have allowed the wavespeed, ĉ, to vary across the waveguide and we take
a reference wavespeed to be c0 = ĉ(0) so ĉ(y/h) = c0c(y/h); the boundary condition is
that ∂u/∂y = 0 on y = ±h. In (1) the frequency is denoted by ω.

We adopt the rescaling ξ = y/h and X = ǫx/h and the resultant non-dimensional
governing equation is

uξξ +
Ω2

c2(ξ)
u+ ǫ2uXX = 0 (2)

with non-dimensional frequency Ω = ωh/c0. The parameter ǫ is taken to be small, and
can be identified with the ratio of the waveguide half-thickness h, to the longitudinal
length-scale L, i.e. ǫ = h/L ≪ 1. The boundary condition on the waveguide walls is
simply uξ(X,±1) = 0.

2.2. Piecewise string

Let us consider a string with wavespeed ĉ(x/h), periodic with period 2h, and reference
wavespeed c0 = ĉ(0) (ĉ(x/h) = c0c(x/h)) with governing equation

uxx +
ω2

ĉ2(x/h)
u = 0 (3)

and now imagine that we have a long string composed of many of these periodic cells of
width 2h, see Fig. 1(b). For clarity, we consider the simplest geometry for both problems
where the wave speed varies linearly. It is, of course, possible to have different material
variation leading to a more complicated functional form for the wave speed, in which
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case the treatment of the problem will be along the same lines: an example is presented
by Craster et al. [14], who considered a string with periodic variation in density that
had a trigonometric expression for the wave speed and in [20] where this is extended to
two-dimensions.

We now adopt a multiple scales approach and assume that there is a short-scale
ξ = x/h and a long-scale X = ǫx/h and hereafter ξ,X are treated as independent
coordinates. Physically, this assumes a strong separation of scales with a short, fine,
microstructure characterised by the single periodic elementary cell of typical length 2h
and a longer macro-scale of typical length L with ǫ = h/L ≪ 1 as in section 2.1.

For standing waves periodic across the structure, the non-dimensional equation in the
new (ξ,X) coordinates is then

uξξ +
Ω2

c2(ξ)
u+ ǫ2uXX + 2ǫuξX = 0 (4)

with u = u(X, ξ) and non-dimensional frequency Ω = ωh/c0. Equation (4) is then
identical to (2) except for the term of 2ǫuξX .

The boundary conditions are that the solutions are in-phase (periodic) across the
elementary cell, so u(X, 1) = u(X,−1) and uξ(X, 1) = uξ(X,−1). Notably this can be
extended to deal with standing waves that are out-of-phase across the periodic cell in
a straightforward manner [14]; for these we have u(X, 1) = −u(X,−1) and uξ(X, 1) =
−uξ(X,−1).

Except for the boundary conditions, and the single different term, the governing
equations in sections 2.1 and 2.2 are identical and they can be dealt with together.

2.3. Dispersion curves

To fix ideas we consider a piecewise graded waveguide with c(ξ) = 1/r for 0 < ξ < 1
and c(ξ) = 1 for −1 < ξ < 0. For simplicity the shear modulus of both media is taken
to be identical. Assuming propagating modes such that u(x, y) = exp(ikx/h)û(y) one
rapidly arrives at a dispersion relation

(Ω2r2 − k2)
1

2 sin[(Ω2r2 − k2)
1

2 ] cos[(Ω2 − k2)
1

2 ] +

(Ω2 − k2)
1

2 sin[(Ω2 − k2)
1

2 ] cos(Ω2r2 − k2)
1

2 ] = 0, (5)

and the corresponding dispersion curves are shown in Fig. 2(a).
This is the analogous case to the piecewise periodic string treated in [14] for which

the assumption is that Floquet-Bloch conditions, u(1) = exp(i2κǫ)û(−1) and uξ(1) =
exp(i2κǫ)ûξ(−1) with 2ǫ being the relative width of the elementary cell, hold and the
Kronig-Penney dispersion relation

2r[cosΩ cos rΩ− cos 2ǫκ]− (1 + r2) sinΩ sin rΩ = 0 (6)

follows relating the Bloch wavenumber, κ, to the frequency Ω. It is clear that the wave
numbers in (5) and (6) are linked as k = ǫκ. Dispersion curves are shown in Fig. 2(b).
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Figure 2: The dispersion curves for the bilayer waveguide and the piecewise string with
r = 1/2: Numerics are the solid lines with the asymptotics as dashed and dotted lines,
the linear classical asymptotics are the crosses.
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3. The classical low-frequency limit

At low frequencies, Ω2 = ǫ2Ω2
2 + ..., we have long waves, and the conventional low-

frequency viewpoint, and adopt the ansatz for u that

u(X, ξ) = u0(X, ξ) + ǫu1(X, ξ) + ǫ2u2(X, ξ) + . . . (7)

Inserting this ansatz into, say, (2) a hierachy of equations ensues:

u0ξξ = 0, u1ξξ = 0, (8)

u2ξξ = −

(

u0XX +
Ω2

2

c2(ξ)
u0

)

(9)

that are solved order-by-order together with the Neumann boundary conditions
uiξ(X,±1) = 0, i = 0, 1, 2, ... .

The leading order equation implies that u0(X, ξ) = u0(X). This has the important
corollary that the leading order field does not vary at all on the ξ scale, i.e it is constant
across the waveguide - or constant in each periodic cell in the periodic setting. Herein
lies the inherent limitation of the traditional theories which cannot incorporate any local
microscale, or cross guide, variation. Continuing up the orders, and invoking solvability,
one eventually arrives at

u0XX +

〈

1

c2

〉

Ω2
2u0 = 0 (10)

where
〈

1

c2

〉

=
1

2

∫ 1

−1

1

c2(ξ)
dξ, (11)

or in original variables

h2u0xx +

〈

1

c2

〉

Ω2u0 = 0. (12)

Assuming u0(x) ∼ exp(ikx/h), the lowest mode has a linear asymptote. In particular,
for a piecewise graded waveguide it is

Ω ∼ k

√

2

r2 + 1
. (13)

As one might anticipate, the governing equation is simply that of an effective one-
dimensional string with an averaged inverse wavespeed squared. This asymptotic is
shown in Fig. 2(a,b) for both the waveguide and string.

4. High-frequency limit

A more interesting limit is the high-frequency, but long-wave, one. In this case
Ω2 = Ω2

0+ ǫΩ2
1+ ǫ2Ω2

2+ ... . Again there are strong similarities in the asymptotic models.
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4.1. Functionally graded waveguide

As for the classical limit, we start from the anzatz (7). The hierarchy of equations
now reads, for the waveguide, as

u0ξξ +
Ω2

0

c2(ξ)
u0 = 0, (14)

u1ξξ +
Ω2

0

c2(ξ)
u1 = −

Ω2
1

c2(ξ)
u0, (15)

u2ξξ +
Ω2

0

c2(ξ)
u2 = −

Ω2
1

c2(ξ)
u1 −

Ω2
2

c2(ξ)
u0 − u0XX . (16)

Here the Neumann boundary conditions at each order are the same as above. An imme-
diate consequence of the leading order equation is that now

u0(X, ξ) = f0(X)U0(ξ; Ω0) (17)

so, unlike the classical limit, there is now structure on the short-scale. The first order
equation is trivial with Ω1 = 0 and u1 can be set as an arbitrary multiple of U0 and
without loss of generality ignored. Notably, for the periodic string the first order problem
is non-trivial, due to the 2ǫuξX term in (4), and an auxiliary equation, [14], needs to be
introduced.

At second order, we get from solvability

f0XX

∫ 1

−1

U2
0 dξ +Ω2

2f0

∫ 1

−1

U2
0

c2
dξ = 0 (18)

that is there is now an ODE for f0(X) entirely posed on the long-scale, X, and the
short-scale features only through integrated quantities. In original variables

h2Tf0xx +
(

Ω2 − Ω2
0

)

f0 = 0, (19)

where

T =

1
∫

−1

U2
0 dξ

1
∫

−1

U2
0 c

−2dξ

.

Performing the integrals, the asymptotic theory leads to the following asymptotic dis-
persion relation for a piecewise waveguide

Ω ∼ Ω0 +
k2

2Ω0r

rδ(1) + δ(r)

δ(1) + rδ(r)
, (20)

where

δ(s) =
2Ω0s+ sin (2Ω0s)

cos2 (2Ω0s)
,

which is now quadratic and is compared to the full numerics in Fig. 2.
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4.2. Piecewise string

We obtain the following hierarchy of equations to be solved order-by-order

u0ξξ +
Ω2

0

c2(ξ)
u0 = 0, (21)

u1ξξ +
Ω2

0

c2(ξ)
u1 = −

Ω2
1

c2(ξ)
u0 − 2u0ξX (22)

u2ξξ +
Ω2

0

c2(ξ)
u2 = −

Ω2
1

c2(ξ)
u1 −

Ω2
2

c2(ξ)
u0 − u0XX − 2u1ξX (23)

along with the boundary conditions ui(X, 1) = ±ui(X,−1) and uiξ(X, 1) = ±uiξ(X,−1),
i = 0, 1, 2, ... with the plus and minus sign being for the periodic and anti-periodic
conditions, respectively.

The solution to the leading order equation is the same as in the waveguide problem,
see (17). In the first-order equation we observe the appearance of an extra term on the
right hand side compared to the analogous equation in the waveguide case, which results
in a solution different from that at first order. A solvability condition leads to Ω1 = 0,
as before, and now

u1 = f0X [AW1(ξ; Ω0)− ξU0(ξ; Ω0)] + f1(X)U0(ξ; Ω0) (24)

where W1(ξ; Ω0) is determined to be a non-periodic solution of the leading order equation
and

A =
2U0(1; Ω0)

W1(1; Ω0)∓W1(−1;Ω0)
. (25)

At next order, the solvability condition gives again the equation (19), where now

T =

2A
1
∫

−1

U0W1ξdξ

1
∫

−1

U2
0 c

−2(ξ)dξ

. (26)

A degeneracy of this problem will occur whenever Ω0 is not a simple eigenvalue,
since in this case the leading order solution (21) will consist of two linear independent

periodic solutions: u0(X, ξ) = f
(1)
0 (X)U

(1)
0 (ξ; Ω0)+f

(2)
0 (X)U

(2)
0 (ξ; Ω0). By the solvability

condition for the first-order term, we now obtain two coupled ODEs for f
(1,2)
0 from which

the linear eigenvalue correction Ω2
1 is derived, [14] ,

f
(i)
0X

∫ 1

−1

U
(j)
0 U

(i)
0ξ dξ +Ω2

1

∫ 1

−1

(f
(j)
0 U

(j)2
0 + f

(i)
0 U

(i)
0 U

(j)
0 )

dξ

c2(ξ)
= 0 (27)

for i, j = 1, 2 and j 6= i.
The effect of double eigenvalues was initially studied for thin elastic structures; see

e.g. [3, 19].
The asymptotics developed are valid for Ω0 = Ωθ near the edges of the Brillouin zone,

where the Bloch wave number κ = 0 (θ = 0) and κ = π/(2ǫ) (θ = π), and excluding
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the low-frequency fundamental mode passing through Ω0 = 0. We look back to the
asymptotic procedure specifying it for a piecewise string, and in order to satisfy all the
conditions we define U0(ξ; Ωθ) to be

U0(ξ; Ωθ) =

{

sin(rΩθξ) + p cos(rΩθξ) for 0 ≤ ξ < 1
r sin(Ωθξ) + p cos(Ωθξ) for −1 ≤ ξ < 0

(28)

for p = (r sinΩθ ± sin rΩθ)/(cosΩθ ∓ cos rΩθ). The linearly independent solution, which
does not satisfy periodicity-anti-periodicity conditions at ξ = ±1, is

W1(ξ; Ωθ) =

{

sin(rΩθξ) for 0 ≤ ξ < 1
r sin(Ωθξ) for −1 ≤ ξ < 0

(29)

This function can be any solution of the leading order equation with fixed Ωθ. By
substituting these into (26), we deduce the T = T0 and T = Tπ associated with periodic
and anti-periodic solutions,

Tθ = ±4Ωθ

sinΩθ sin rΩθ

(r sinΩθ ∓ sin rΩθ)(cosΩθ ∓ cos rΩθ)
(30)

Considering the ODE for f0(x), (19), we set f0 ∼ exp(iǫκx/h) for the periodic case
and deduce that

Ω ∼ Ω0 + (ǫκ)
2 T0

2Ω0
. (31)

Similarly, in the anti-periodic case, we substitute f0(x) ∼ exp (i(ǫκ− π/2)x/h)

Ω ∼ Ωπ + (ǫκ− π/2)
2 Tπ

2Ωπ

. (32)

Numerical results based on the last two formulae are presented in Fig. 2.
We now turn our attention to the group velocity, dΩ/dκ, at the cut-off frequencies

in order to extract more information about the physics in those vicinities. The group
velocity is defined for the periodic case as

dΩ

dκ
∼ ǫ2κ

T0

Ω0
, (33)

and for the anti-periodic case as

dΩ

dκ
∼ ǫ(ǫκ− π/2)

Tπ

Ωπ

. (34)

By looking at Table 1(a), we observe that the group velocity at the periodic end has
the same sign as T0, when this is positive the energy flow and the phase velocity are in
the same direction (‘regular’ mode) conversely negative group velocity means the mode
is ‘backward’, hence the wave appears to be travelling in the opposite direction to the
energy. For the anti-periodic case, as shown in Table 1(b), the group velocity and the
Tπ have alternating signs at the same frequency, but again the coefficient T contains the
essential information about the group velocity. The sign of the group velocity, along with
other conditions, is intimately linked to the existence of trapped modes in elastic waveg-
uides [8, 9]. The coefficients T0, Tπ therefore contain important information relevant to
the energy flux via their relation to dΩ/dκ.
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(a) Periodic case

Ω T0 dΩ/dκ

0 + +
3.8213 − −
4.6010 + +
7.9653 − −
8.7451 + +
16.3876 − −

(b) Anti-periodic case

Ω Tπ dΩ/dκ

1.6821 − +
2.4619 + −
10.1045 − +
10.8842 + −
14.2485 − +
15.0283 + −

Table 1: Asymptotic results for the piecewise string shows the standing wave frequency,
sign of T and dΩ/dκ for non-repeated roots.

5. High-frequency localisation

As a further illustration, we briefly consider wave localisation for a waveguide that
thickens or thins. For the sake of definiteness we assume the following variation of its
thickness H(ǫx/h) = h[1 + 0.5αǫ2g(ǫx/h)], where h and α are given constants, and the
function g may be taken, for example, as a Gaussian.

First, we introduce the variables ξ = y/ (H(ǫx/h)) and X = ǫx/h. Then we get

(

∇2 +
Ω2

c2(ξ)

)

u(X, ξ) = 0, (35)

with

∇2 =
h2

H2
∂ξξ+ǫ2

{

ξ2
(

HX

H

)2

∂ξξ − 2ξ
HX

H
∂ξX + ∂XX + ξ

[

2

(

HX

H

)2

−
HXX

H

]

∂ξ

}

. (36)

As in section 2.1, we adapt the ansatz (7) over the high-frequency domain, resulting
in (14, 15) and also

u2ξξ +
Ω2

0

c2(ξ)
u2 = αgu0ξξ −

Ω2
1

c2(ξ)
u1 −

Ω2
2

c2(ξ)
u0 − u0XX (37)

subject to Neumann boundary conditions at ξ = ±1 at each order.
Finally, we have

f0XX

∫ 1

−1

U2
0 dξ +

(

Ω2
2 + αgΩ2

0

)

f0

∫ 1

−1

U2
0

c2(ξ)
dξ = 0, (38)

oriented to analysis of trapped modes similar to the defect states in a periodic chain [15],
see also [8, 9, 10]. Numerical results of thickness variation of waveguides are presented in
[21, 22], suggesting that the sign of the group velocity plays a crucial role in the existence
of trapped modes, as well as curvature variation.

6. Concluding remarks

This comparative study illustrates a subtle analogue between the long-wave asymp-
totic procedures underlying approximate formulations for functionally graded wave guides
and periodic media. This analogue is not restricted to the simplest setup assumed in the
paper. The classical theories for thin plates, shells and rods seem to be a counterpart
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of the conventional low-frequency homogenisation theory. Similarly, the more advanced
high-frequency long-wave structure theories [3, 6, 7] have virtually the same philosophy
as the recent high-frequency homogenisation procedure [14].

We also remark that the low-frequency limit is only possible for Neumann type bound-
ary conditions. Other boundary conditions, including Dirichlet ones, do not support this
limit enabling only high-frequency behaviour (e.g. see [17, 18] ). The high-frequency
limit is also more universal in the case of periodic media (see the example in [14] for a
periodic string resting on a stiff Winkler base).
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